We consider classical and quanta! motion in open de Sitter cosmologies of multiple spatial connectivity. The topological structure of the spacelike slices creates on the one hand chaotic trajectories, on the other hand bound states whose wave fields and energies are intimately connected with the Hausdorff dimension and measure of limit sets of chaotic trajectories in the covering space of the manifold. We discuss the time evolution of of the energy of wave fields coupled to the curvature scalar of the 4-manifold in the early and late stages of the cosmic expansion, and its dependence on the spectral variable of the Laplace-Beltrami operator on the space sections. This spectrum is in turn entirely determined by the topological and metrical structure of the sections.
I. Introduction
In this paper we will address questions concerning the influence of the global topological structure of space-time on the microscopic laws of motion. At fist, in how far does the topology of the space like sections of Robertson-Walker Cosmologies influence the time evolution of the energy of wave fields, the quantum version of geodesic motion on world lines. Secondly we discuss the reconstruction of quanta! wave fields from chaotic classical world lines. These world lines having the Bernoulli property are a typical consequence of the multiple connectivity of 3-space, and are foreign to simply connected spaces, traditionally encountered in cosmological models.
The first question is in some sense paraphrasing Mach's principle, namely that the global structure of the universe determines the local laws of of motion, inertial forces being gravitational, stemming from the mass content of the whole (closed) universe. Our emphasis lies more on the topological structure of the open universe, which is of course in turn related with the energy momentum tensor of the mass distribution.
In the second problem it might seem strange that it is possible to reconstruct a non-deterministic wave field from classical geodesics. The point is here that we actually relate two probabilistic models of microscopic motion, that of quantum mechanics and that of unstable classical dynamics, the classical trajectories in question having positive Lyapounov exponents.
II. Open Robertson-Walker cosmologies of multiple connectivity
We consider cosmological line elements of the form (2.1) where dcr2 is the metric of hyperbolic 3-space, which we may represent in the coordinates of the Poincare ball B 3 , 111 < R (cf.[l] ), (2.2) The expansion factor of 3-space a(t) determines the Gaussian curvature K = -l/(aR)2 of the spacelike sections t = const. .The spacelike projections of the geodesics into B 3 calculated via (2.1) are arcs of semicircles orthogonal to S 00 , the sphere at infinity (boundary) ofB 3 , where the Poincare metric gets singular. The totally geodesic planes in B 3 are thus spherical caps orthogonal to S 00 • Hyperbolic manifolds, i.e. manifolds of constant negative curvature, are modelled in B 3 as non-Euclidean polyhedra, whose faces lie on geodesic planes. The faces are identified in pairs by elements of the Lorentz group, acting in B 3 as invariance group of (2.2), defining in this way the topology ( compare the well known example of a torus represented in the Euclidean plane as a square with identified sides). The polyhedron may have 'free' faces on S 00 , which are not identified in pairs and which constitute the boundary at infinity of the manifold. The face-pairing transformations generate a discrete subgroup r of the Lorentz group, the group of covering transformations of the manifold, and B 3 is its universal covering space. The set r(F) of all images of F under r gives a cover (tiling) of B 3 . r(F) as an infinite number of tiles in B 3 has accumulation points,
